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Abstract
An important piece of evidence for dark matter is the need to explain the growth of structure from
the time of horizon entry and radiation-matter equality to the formation of stars and galaxies. This
cannot be explained by using general relativity without dark matter. So far, dark matter particles have
not been detected in laboratory measurements or at the LHC. We demonstrate that enhanced structure
growth can happen in a modified gravity theory (MOG). The vector field and particle introduced in
the theory to explain galaxy and cluster dynamics plays an important role in generating the required
structure growth. The particle called the phion (a light hidden photon) is neutral and is a dominant,
pressureless component in the MOG Friedmann equations, before the time of decoupling. The dominant
energy density of the phion particle in the early universe, generates an explanation for the growth of
density perturbations. The angular acoustical power spectrum due to baryon-photon pressure waves is
in agreement with the Planck 2013 data. As the universe expands and large scale structures are formed,
the density of baryons dominates and the rotation curves of galaxies and the dynamics of clusters are
explained in MOG, when the phion particle in the present universe is ultra-light. The matter power
spectrum determined by the theory is in agreement with current galaxy redshift surveys.
1 Introduction
Dark matter was introduced to explain the stable dynamics of galaxies and galaxy clusters. General rel-
ativity (GR) with only ordinary baryon matter cannot explain the present accumulation of astrophysical
and cosmological data without dark matter. However, dark matter has not been observed in laboratory
experiments [1, 2, 3]. Therefore, it is important to consider a modified gravitational theory. The observed
acceleration of the universe has also complicated the situation by needing a dark energy, either in the form
of the cosmological constant vacuum energy or as a modification of GR.
The fully relativistic and covariant modified gravitational theory (MOG) Scalar-Tensor-Vector-Gravity
(STVG) [4, 5, 6, 7, 8, 9, 10, 11, 12, 13, 14, 15, 16] has been successfully applied to explain the rotation curves
of galaxies and the dynamics of galaxy clusters. In addition to the attractive gravitational force proportional
to the gravitational constant G, the theory also has a repulsive gravitational force generated by a massive
Proca vector field φµ.
A modified gravity theory based only on baryonic matter cannot explain the growth of matter, before
the onset of decoupling at the surface of last scattering about 380,000 years after the big bang. The baryons
couple to the photons producing pressure that prevents the overdense instability needed for growth structure.
The damping and the dissipative pressure behavior of baryons coupled to photons prevent a GR model
without non-baryonic dark from fitting the angular acoustical power spectrum. The MOG cannot explain
the growth of structure to form galaxies and galaxy clusters assuming only the dominance of baryonic matter
before decoupling.
In the following, we will extend the explanation for the growth of structure and the CMB data proposed
originally in STVG [4]. We will show that when the density of the neutral, pressureless vector particle
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called the phion particle, associated with the field φµ, dominates in the early universe before the time of
decoupling, MOG can lead to a mechanism for the growth of perturbations faster than GR, solving the
cosmological structure problem. The early time domination of the ρφ density and the later time domination
of the baryon density ρb, together with the later time enhancement of the gravitational constant G, determine
the acoustical power spectrum in agreement with the Planck 2013 data [17]. The theory also determines the
matter power spectrum in agreement with current large scale galaxy redshift surveys.
The mass of the phion is determined by a scalar field µ(x). The value of µ that fits the galaxy rotation
curves and the cluster dynamics is µ = 0.04 kpc−1 [13, 14], corresponding to a mass mφ = 2.6 × 10−28 eV.
The mass of the phion in the early universe, before decoupling (surface of last scattering) is heavier, mφ 
10−28 eV , so the phion behaves like cold dark matter (CDM), and its mass decreases as the universe expands
becoming the ultra-light phion particle today.
2 MOG Field Equations
The MOG theory has a fully covariant action composed of scalar, vector and tensor fields [4]:
S = SG + Sφ + SS + SM . (1)
The components of the action are the Einstein gravity action (c = 1):
SG =
1
16pi
∫
d4x
√−g
[ 1
G
(R+ 2Λ)
]
, (2)
the massive vector field φµ action:
Sφ = −ω
∫
d4x
√−g
[1
4
BµνBµν − V (φ)
]
, (3)
and the action for the scalar fields G and µ:
SS =
∫
d4x
√−g
[ 1
G3
(1
2
gµν∇µG∇νG− V (G)
)
+
1
µ2G
(1
2
gµν∇µµ∇νµ− V (µ)
)]
. (4)
Here, ∇µ denotes the covariant derivative with respect to the metric gµν , ω is a dimensionless coupling
constant and V (φ), V (G) and V (µ) denote potentials for the fields φµ, G and µ, respectively. In particular,
we have
V (φ) = −1
2
µ2gµνφµφν +W (φ), (5)
where W (φ) is a self-interaction potential.
The energy-momentum tensor is defined as
Tµν = TMµν + Tφµν + TSµν , (6)
where
TXµν = − 2√−g
δSX
δgµν
, (X = [G,φ, S,M ]). (7)
We have
Tφµν = ω
(
Bµ
αBαν − 1
4
gµνB
αβBαβ + gµνV (φ)− 2∂V (φ)
∂gµν
)
. (8)
A variation of the action with respect to gµν yields the field equations:
Gµν − gµνΛ +Qµν = 8piGTµν , (9)
where
Qµν = G
(
gαβΘ∇α∇βgµν −∇µ∇νΘ
)
, (10)
and where Θ(x) = G−1(x).
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3 Friedmann Equations and Cosmology
We base our cosmology on the homogeneous and isotropic Friedmann-Lemaitre-Robertson-Walker (FLRW)
background metric:
ds2 = dt2 − a2(t)
(
dr2
1−Kr2 + r
2(dθ2 + sin2 θdφ2)
)
, (11)
where K = −1, 0, 1 (length−2) for open, flat and closed universes, respectively. We use the energy-momentum
tensor of a perfect fluid:
Tµν = (ρ+ p)u
µuν − pgµν , (12)
where uµ = dxµ/ds and ρ and p are the density and pressure of matter. We have
ρ = ρM + ρφ + ρG + ρµ, (13)
where ρM , ρφ, ρG and ρµ denote the density of matter, the (neutral) vector field φµ (phion particle) and the
scalar fields G and µ, respectively.
Due to the symmetries of the FLRW background spacetime, we have φ0 6= 0, φi = 0 (i = 1, 2, 3) and
Bµν = 0. The MOG Friedmann equations are given by:(
a˙
a
)2
+
K
a2
=
8piGρ
3
+
a˙
a
G˙
G
+
Λ
3
, (14)
a¨
a
= −4piG
3
(ρ+ 3p) +
1
2
(
G¨
G
− 2G˙
2
G2
+
a˙G˙
aG
)
+
Λ
3
. (15)
In the following, we assume a spatially flat universe K = 0. Furthermore, we assume that the time
dependence of the gravitational field strength is negligible, G˙ ∼ 0, and we also assume that µ˙ ∼ 0. We
obtain the approximate Friedmann equations:
H2 =
8piGρ
3
+
Λ
3
, (16)
a¨
a
= −4piG
3
(ρ+ 3p) +
Λ
3
, (17)
where H = a˙/a. The energy conservation equation is
ρ˙+ 3
d ln a
dt
(ρ+ p) = 0. (18)
For the matter dominated universe with p = 0 we have ρM ∝ 1/a3.
We introduce comoving coordinates:
x =
a0r
a(t)
. (19)
The Fourier expanded density, pressure and gravitational potential in terms of plane waves with comoving
wavenumber k are given by
δρ(r, t) =
1
(2pi)3/2
ρ¯
∫
d3kδk(t) exp(i(a0/a)k · r), (20)
δp(r, t) =
1
(2pi)3/2
∫
d3kδpk(t) exp(i(a0/a)k · r), (21)
Φ(r, t) =
1
(2pi)3/2
∫
d3kΦk(t) exp(i(a0/a)k · r), (22)
where δ = δρ/ρ¯ is the relative density perturbation contrast. We have for the gravitational potential:
k2Φk = −4piG
(
a
a0
)2
ρ¯δk. (23)
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The modified Newtonian acceleration law in MOG for a point particle is given by
r¨ = −G∞M
r2
[
1− α
1 + α
(1 + µr) exp(−µr)
]
, (24)
where G∞ = GN (1 + α) and GN is Newton’s constant. This in turn defines the value of α:
α = (G∞ −GN )/GN . (25)
The point mass acceleration law (24) has been extended to continuous distributions of matter using the
MOG Poisson equation [5, 12, 13, 14]. The MOG potential for a given density ρ(x) is
Φ(x) = −GN
∫
d3x′
ρ(x′)
|x− x′|
[
1 + α− αe−µ|x−x′|
]
. (26)
4 MOG Structure Growth
In the present scenario there are five components to the energy density:
1. neutral pressureless phion particles (φµ field),
2. baryonic matter,
3. photons,
4. neutrinos,
5. Dark energy
Thus, we have
ρ = ρm + ρr + ρd, (27)
where
ρm = ρb + ρφ + ρG + ρµ, ρr = ργ + ρν , (28)
and where ρr, ρd, ργ and ρν denote the radiation, dark energy, photon and neutrino densities, respectively.
We assume that when ρφ dominates in the early universe before decoupling α < 1. From (25) we deduce
that
G ∼ G∞ ∼ GN . (29)
We anticipate that the parameter α will increase as the density of matter grows significantly near the big
bang at t = 0, so near t = 0, G = GN (1 + α) will grow and increase the strength of gravitational attraction.
The particle (field) densities are expressed as the ratios Ωx = 8piGNρx/3H
2. In particular, we have for the
baryon, phion particle and the cosmological constant Λ:
Ωb =
8piGNρb
3H2
, Ωφ =
8piGNρφ
3H2
, ΩΛ =
Λ
3H2
. (30)
At the time of big-bang nucleosynthesis (BBN), we have G ∼ GN , guaranteeing that the production of
elements at the time of BBN agrees with observations. After decoupling ρφ ∼ ρb until stellar and galaxy
formation when ρφ  ρb and the MOG non-relativistic acceleration law sets in to explain the rotation curves
of galaxies and the dynamics of clusters [4, 13, 14].
We assume that at horizon entry until some time after decoupling, ρφ  ρb, ρφ  ρG, ρφ  ρµ and
VG = Vµ = 0 [4]. The first Friedmann equation now becomes
H2 =
8piGNρφ
3
+
Λ
3
, (31)
where from (5) and (8) assuming that W (φ) ∼ 0:
ρφ =
1
2
ωµ2φ20. (32)
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The equation for the density perturbation for the non-relativistic single-component fluid is given by the
Jeans equation:
δ¨k + 2Hδ˙k +
(
c2sa
2
0k
2
a2
− 4piGN ρ¯
)
δk = 0, (33)
where ρ¯ denotes the mean density. Here, cs is the speed of sound:
cs =
√
dp
dρ
, (34)
and perturbations with δp/δρ = (dp¯/dt)/(dρ¯/dt) = c2s are called adiabatic perturbations and for these
perturbations p = p(ρ). The first term in the parenthesis of (33) is due to the adiabatic perturbation
pressure contribution δp = c2sδρ.
The nature of the solutions to (33) depends on the sign of the factor in parenthesis. Pressure attempts
to resist compression, so when the pressure term dominates, we obtain an oscillatory solution comprising
standing density (sound) waves. The second term is due to gravity and when this term dominates the
perturbations grow. The Jeans wavenumber when the pressure and gravity terms are equal is given by
kJ =
a
a0
√
4piGρ¯
cs
, (35)
corresponding to the wavelength λJ = 2pi/kJ (Jeans length) and for non-relativistic matter kJ  H =
(a/a0)H and cs  1 where H is the comoving Hubble scale.
The Proca vector field φµ is a neutral massive spin 1 particle (massive photon). Because it does not
couple to massless photons it can be treated as almost pressureless, so the pressure gradient term in the
Jeans equation is absent and cs ∼ 0. The Jeans length is approximately zero and we have
δ¨k + 2Hδ˙k − 4piGN ρ¯δk = 0, (36)
where ρ¯ = ρ¯r + ρ¯φ. For the radiation dominant era ρφ  ρr, but perturbations in radiation, δρr, oscillate
rapidly and are damped δρr ∼ 0, so they can be ignored compared to the δρφ perturbations. The expansion
law is that for a radiation dominated universe:
a(t) ∝ t1/2, H = 1
2t
=
√
8piGN
3
ρ¯. (37)
Dividing (36) by H2 we get
δ¨k
H2
+ 2
δ˙k
H
=
3
2
ρ¯φ
ρ¯
δk. (38)
The right-hand-side can be dropped because ρ¯φ < ρ¯. The solution to this equation is given by
δk = a+ b ln t, (39)
where a and b are constants. We find that the perturbations due to the phion particle grow at most
logarithmically during the radiation dominated era of the universe. The increased expansion rate due to the
presence of the smooth radiation component slows down the growth of perturbations.
Observations indicate that during the period between horizon entry, radiation-matter equality at a red-
shift 1 + zeq ∼ 2.4× 104Ωφh2 and decoupling, ρb < ρφ. Because the phion particles are almost pressureless
and the speed of sound cs ∼ 0, the phion Jeans length is approximately zero, so all scales are larger than
the Jeans scale, and there is no oscillatory behavior for the phion particles. Instead, perturbations grow at
all length scales. On the other hand, the ρbγ perturbations oscillate before decoupling. The dark energy
determined by the cosmological constant Λ is a smooth component of energy and only becomes important
at later times.
The baryon Jeans length is λJ = 2pik
−1
J , where
k−1J =
a0cs
a
√
4piGN ρ¯
, (40)
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and where now cs is the speed of sound for baryons. The ratio of the comoving Jeans length:
λJ =
2pia0cs
a
√
4piGN ρ¯
(41)
to the comoving Hubble length:
H−1 = a0
a
√
8piGN ρ¯/3
(42)
is given by
Hλj = 2pi
√
2cs
3
. (43)
We see that G has canceled in (43), so that the size of the effective G in MOG cannot influence the rate
of growth structure in the absence of the density ρφ or dark matter. However, we have that at the time of
horizon entry and radiation-matter equality G ∼ GN .
Before decoupling the baryon Jeans length is comparable to the Hubble length, so adiabatic baryon per-
turbations will oscillate before decoupling. The baryon density perturbation begins to grow only after the
decoupling time t = tdec, because before decoupling the baryon-photon pressure prevents any growth. With-
out the phion particle density ρφ the baryon perturbations grow as δb ∝ a ∝ t2/3 after decoupling. However,
the CMB anisotropy due to baryon density perturbations observed at t = tdec are too small ∼ 10−4 to
produce a growth factor of 1100 needed to generate the presently observed large-scale structure. As in the
standard CDM model, the phion particle density perturbations solve the problem, for they begin to grow
earlier at horizon entry and by t = tdec they are significantly greater than the baryon density perturbations.
After decoupling the baryon density perturbations δρb catch up to the phion particle density perturbations
δρφ. The evolution behavior of the baryon and phion density perturbations is shown in Fig.1.
Fig.1. Evolution of the phion matter and baryon density perturbations after horizon entry. The baryon
perturbations oscillate (solid black line) while the phion density perturbations (dashed line) grow after hori-
zon entry. The baryon perturbations catch up to the phion perturbations after decoupling.
As the universe expands beyond the time of decoupling, the gravitational attraction between the baryons
becomes enhanced as the parameter α increases in size and G = G∞ = GN (1 + α). The density ρφ and the
increasing enhancement of the size of G deepen the baryon gravitational potential well. Eventually, as the
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large scale structures form ρφ < ρb and the baryon dominated MOG dynamics takes over. For the predictions
of galaxy rotation curves and the galaxy cluster dynamics the best-fit values of α and µ are α = 8.89± 0.34
and µ = 0.04± 0.004 kpc−1 [13, 14].
The phion mass parameter µ is a variable scalar field and can evolve in size as the universe expands. After
horizon entry and during the era approaching decoupling, the phion mass is mφ  10−28 eV corresponding
to cold dark matter. The phion mass could be as large as 10−6 < mφ < 1 eV. When the earliest stars and
galaxies form at about 400 million years after the big bang, µ undergoes a significant decrease, and from the
best-fit values from galaxy rotation curves and cluster dynamics [13, 14], µ = 0.04 kpc−1, corresponding to
mφ = 2.6× 10−28 eV. The Compton wavelength, in natural units, λc ∼ 1/mφ, of this ultra-light phion is of
the size of galaxies. In our MOG scenario, the phion particle evolves in the early universe until the formation
of large scale structure as moderately heavy cold dark matter. After the large scale structures have formed,
the phion becomes ultra-light hot dark matter, which does not contribute to the dynamics of stars, galaxies
and clusters of galaxies. Future microwave cavity experiments could detect an utra-light hidden photon [18],
although the mass mφ = 2.6 × 10−28 eV may be too small to detect. The mass and temperature evolution
of the phion massive photon is the opposite of the standard axion-like dark matter particle. In the latter
scenario, the axion is a hot dark matter particle in the early universe contributing to the density of radiation
before decoupling, and after decoupling becomes a non-relativistic cold dark matter particle that can form
stable galaxy and cluster halos.
5 Power Spectra and the CMB
The power spectrum as a function of wave number can be calculated from a transfer function T (k). If the
initial power spectrum and the transfer function are known, then the power spectrum at a later time can be
calculated as
P (k) = T 2(k)P0(k), (44)
where P (k) is a dimensioned quantity. A dimensionless form of the power spectrum is
∆2 = Ak3T 2(k)P0(k), (45)
where A is a normalization constant determined by observation. The initial power spectrum is believed to
be almost scale invariant:
P0(k) ∝ kn, (46)
where from the Planck measurement n = 0.9616± 0.0094 [17].
In our MOG scenario the transfer function can be written as
T (k) = Tb(k) + Tφ(k), (47)
where Tb and Tφ denote the baryon and phion particle contributions, respectively. The baryon sound wave
oscillations due to the baryon-photon pressure prior to the decoupling time produce acoustical peaks in the
angular power spectrum, D` = `(`+ 1)C`/2pi. Because the form of the MOG Friedmann equation (16) is the
same as in the ΛCDM model, we can match the ΛCDM calculation of the CMB angular power spectrum.
In the present day universe ρb has the same value as in the ΛCDM model, and Ωb = 8piGNρb/3H
2 matches
its value in the ΛCDM model, using Newton’s constant (non-gravitational effect). Moreover, today ρφ  ρb
and G = GN (1+α), so for a constant non-zero value of α, we have (GNρ)ΛCDM = (GN (1+α)ρ)MOG, where
ρΛCDM = ρb + ρCDM (plus small contributions from neutrino density) and ρMOG = ρb. Now, redshifting to-
wards the CMB and decoupling times, ρφ becomes smoothly bigger than ρb and (GNρ)ΛCDM = (GNρφ)MOG
as G → GN and α becomes less than unity. It follows that the calculation of the CMB power spectrum in
the ΛCDM model can be duplicated in MOG, using the Planck 2013 best-fit values [17]: Ωbh
2 = 0.022199,
Ωch
2 = 0.11847, ns = 0.9624, H0 = 67.94 km sec
−1 Mpc−1, together with the remaining parameters in the
fitting process. The value of α today is α = 4.3367.
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Fig. 2. The TT power spectrum obtained from ref. [17], using the best-fit parameters of the Planck+WP+highL
fit listed in Table 5 of the Planck 2013 paper. The red line shows the best-fit MOG spectrum. The lower
panel shows the residuals with respect to the MOG model (and the ΛCDM model).
Because for galaxies and clusters ρφ  ρb there is no significant halo of phion particles. Once the
combined ρb and ρφ density perturbations have grown sufficiently to produce stars and galaxies, then the
MOG non-relativistic dynamics for baryons takes over to determine the final evolution and dynamics of
galaxies. The transfer function Tb for baryons has unit oscillations, which will show up in the calculation of
the matter power spectrum. However, the finite size of galaxy survey samples and the associated window
function used to produce presently available power spectra mask any such oscillations. Applying a window
function to the MOG prediction for the matter power spectrum, smooths out the power spectrum curve.
The enhanced size of G = GN (1+α) with α non-zero predicts the right shape for the power spectrum curve,
resulting in a fit to the data. The GR prediction without dark matter and with G = GN cannot produce the
correct magnitude or shape for the matter power spectrum. In Fig. 3 we show the predicted MOG matter
power spectrum [11]. This result was developed without the benefit of an extended and continuous baryon
matter distribution. In future galaxy surveys which utilize a large enough number of galaxies, with galaxies
detected at sufficiently large redshift z, and with the use of a sufficiently narrow enough window function, it
should be possible to detect any significant oscillations in the matter power spectrum.
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Fig.3. After applying the appropriate window function, MOG (thick red line) shows agreement with the
luminous red galaxy survey mass power spectrum data. The MOG fit to the data is comparable to the CDM
prediction (thin blue line) [11].
6 Conclusions
By assuming that the density of phion particles associated with the massive and neutral vector field φµ
in MOG theory is the dominant density in the early universe with a phion mass, mφ  10−28 eV, the
perturbations δρφ satisfy the pressureless Jeans equation, allowing for an enhanced growth from the time
of horizon entry and radiation-matter equality to produce large scale stellar and galaxy structure after the
time of decoupling. The baryons obey the Jeans equation with baryon-photon pressure, so that the baryons
oscillate between the time of horizon entry and decoupling, generating baryon-pressure acoustical waves
detected in the angular power spectrum in the CMB. After the universe expands beyond the decoupling
time, the pion particle density and baryon density are comparable until the time of stellar and galaxy
formation when ρφ  ρb and the mass of the phion becomes ultra-relativistic with mφ = 2.6 × 10−28 eV.
Then, the non-relativistic STVG Newtonian acceleration law, including the repulsive phion particle Yukawa
interaction and the attractive gravitation due to the enhanced value of G, determines the rotation curves of
galaxies and the dynamics of galaxy clusters.
The angular power spectrum describing the imprint of the baryon-photon acoustical waves on the CMB
is determined starting with Ωφ  Ωb today and (GNρ)ΛCDM = (GN (1 + α)ρ)MOG. Then, redshift scaling
the calculation of the transfer function to the time prior to decoupling and the surface of last scattering with
(GNρ)ΛCDM = (GNρφ)MOG, the angular power spectrum fit matches the ΛCDM model fit to the Planck
2013 data. The matter power spectrum in MOG can, with an appropriate window function, fit the galaxy
matter distribution data. A critical test of MOG is whether significant baryon oscillations in the power
spectrum begin to show as the number of observed large red galaxies increases and the size of the window
function decreases. If the smooth ΛCDM model fit to the matter power spectrum persists with a large
enough increase in observed galaxies in galaxy redshift surveys, then this would rule out MOG in favor of
the existence of dark matter halos in galaxies.
The ultra-light phion particle (hidden light photon) and its associated Proca field φµ are an integral
part of the modified gravitational theory determined by the STVG action. Because the MOG predicts
observations from the solar system to galaxy clusters and the large scale structure of the universe, it can
provide a fundamental description of the universe at both small and large distance scales.
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